TAMENESS OF HOLOMORPHIC CLOSURE DIMENSION 
IN A SEMIALGEBRAIC SET 
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Abstract. Given a semianalytic set S in C n and a point p £ S, there is a 
unique smallest complex-analytic germ X p which contains S p , called the holo- 
morphic closure of S p . We show that if S is semialgebraic then X p is a Nash 
germ, for every p, and S admits a semialgebraic filtration by the holomorphic 
closure dimension. As a consequence, every semialgebraic subset of a complex 
vector space admits a semialgebraic stratification into CR manifolds. 



1. Introduction 

Given a real-analytic (or, more generally, semianalytic) subset S of an open set in 
a complex vector space, a natural question arises how much of the ambient complex 
structure is inherited (locally) by S. In the present paper, we are interested in the 
following local biholomorphic invariant of S: Let £ be a point of S. We shall consider 
the minimal dimension of a complex-analytic germ at £ containing the germ S% - 
the so-called holomorphic closure dimension of Sg, denoted dimnc (see [2]). 
The minimal (with respect to inclusion) complex-analytic germ containing is 
called the holomorphic closure of S{. For d £ N, let S d (S) denote the set of points 
£ £ S for which dim^c S$ > d. We will investigate the structure of the sets S d (S), 
and how they are modified by holomorphic mappings of the ambient space. 

The study of this outer complex dimension of real-analytic sets is well motivated 
in classical CR geometry. The holomorphic closure dimension of a CR manifold is 
complementary to its CR dimension, and its properties can be used to show that 
a real-analytic manifold is a CR manifold outside a nowhere-dense semianalytic 
subset (Proposition 1.4 and Theorem 1.5 of 2 ). However, when considering the 
sets S d (S), there is no gain in assuming that S is non-singular, and so we shall 
consider the general, singular case. 

On the other hand, our personal bias is to study the real-analytic and semiana- 
lytic sets for themselves. It seems natural to expect the sets S d (S) to remain close 
to the class of S. By comparison, in [T], we studied the sets A d (S) of those £ £ S for 
which S$ contains a complex analytic germ of dimension at least d. Theorem 1.1 of 
[I] asserts that the A d (S) are semianalytic (not necessarily real-analytic though). 
Alas, things do not look so good for the holomorphic closure dimension. In fact, 
Example 6.3 of [2 shows that, for d greater than the generic holomorphic closure 
dimension of S, the sets S d (S) need not even be subanalytic! Hence, in order to 
hope for some sort of tameness, the next largest class to consider is that of semial- 
gebraic sets, which is the class we consider here. For that reason, when considering 
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how a holomorphic mapping modifies the complex structure inherited by our set 
S, we also need to restrict to mappings which preserve the class of S. Thus our 
general objects of study are semialgebraic subsets of complex vector spaces and 
holomorphic semialgebraic mappings between (open subsets of) such spaces. As it 
turns out, all such maps are Nash (Proposition I4.2[) . 

The first part of this article is concerned with tameness of the holomorphic 
closure dimension in semialgebraic subsets of complex vector spaces. In Section [3l 
we study the images of Nash sets by Nash mappings, and prove a local variant 
of Chevalley's theorem on images of algebraic mappings (Theorem 13. 6p . Although 
the image of a Nash set by a Nash mapping need not be Nash (not even Nash- 
constructible, Remark 13. 5[) . its holomorphic closure is already Nash, and of the 
same dimension as the image itself. 

The key consequence of Theorem 13.61 is the following result, which lies at the 
heart of all our tameness arguments. 

Proposition 1.1. The holomorphic closure of a semialgebraic set S at a point 
£ Eo is a Nash germ. 

We prove this proposition in Section @] The main result of Section @] is the proof 
of the semialgebraic stratification by holomorphic closure dimension: 

Theorem 1.2. Let S be a semialgebraic subset of M . Then the sets S d (S) are 
semialgebraic and closed in S , for all d £ N. 

Remark 1.3. An analogous semianalytic filtration does not exist in general for S 
semianalytic. Indeed, Example 6.3 of [2] shows a connected non-singular IR-analytic 
set R C C 5 of generic holomorphic closure dimension 3, and with the set S 4 (R) 
non-empty and not semianalytic. In fact, S (R) is not even subanalytic. 

Section [5] gives a series of results concerning the relationship between the holo- 
morphic closure dimension of a semialgebraic set and that of its preimage under a 
holomorphic semialgebraic mapping. In the last section, we present applications of 
these results to CR geometry. Our main application is the following semialgebraic 
stratification by CR manifolds: 

Theorem 1.4. Let S be a semialgebraic subset of M. Then there exists a finite 
partition {S L } L ^i of S into semialgebraic subsets of M satisfying the following con- 
ditions: 

(i) Every S L is a CR manifold. 

(ii) Compatibility with the family {S d (S)}deti: for each t £ I there exists d 6 N 
such that S t C S d (S) \ S d+1 (S). ' _ 

(iii) Condition of the frontier: For any j, k € I , either Sj f~l SV- = or else 
Sj C Sk, dimRSj < dima Sk and dwa.Hc{Sj)£ < dim.Hc{Sk)t, for every 

This result, again, is in contrast with the real- analytic case (see Remark 16.31) . 
Finally, we investigate how the CR structure varies under some holomorphic map- 
pings. Particularly, we study holomorphic semialgebraic desingularizations. 

To make the article easily accessible for both real-algebraic and CR geometry 
communities, we review the basic notions and tools in the next section. 
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2. Preliminaries 

Throughout this article, the dimension of a set X is understood in the following 
sense. If X is a subset of a K-manifold M (K = R or C), then 

diniK X = max{diniK N : N C X, N a closed submanifold of an open subset of M} . 

The dimension of the germ X p of a set X at a point pgMis then defined as 

dimjj X p = min{dimK(X n U) : U an open neighbourhood of p in M} . 

Because real- and complex-analytic and algebraic objects are often considered 
next to one another in our arguments, we will always call them R-analytic (resp. 
]R-algebraic) or C-analytic (resp. C-algebraic), to avoid confusion. When speaking 
of dimension of a K-analytic (or K-algebraic) set, we always mean its K-dimension 
in the above sense, unless otherwise specified. 

2.1. Semialgebraic sets. For a concise introduction to semialgebraic geometry, 
we refer the reader to [H Ch. 2] and [7] . 

Let M be a finite-dimensional R-vector space. A choice of base for M gives 
a linear isomorphism i/j : R n — > M, where n — dim M. We say that a function 
/ : M — > R is a polynomial function on M if there exists P G R[Xi, . . . , X n ] such 
that (/ o i/j)(x) — P{x) for all x = (x\, . . . , x n ) G R™. Since linear base change is a 
polynomial mapping (with polynomial inverse), it follows that the above definition 
is independent of the choice of base for M. We say that a subset S of M is 
semialgebraic if S is a finite union of sets of the form 

{x G M : h{x) = ■ ■ ■ = f r (x) = 0, gi (x) > 0, . . .,g s (x) > 0} , 

where r, s G N and fx, . . . , f r ,gi, ■ ■ ■ , g s are polynomial functions on M. One easily 
checks that the union and intersection of two semialgebraic sets are semialgebraic, 
as is the complement of a semialgebraic set. 

Let and A be open subsets of finite-dimensional R-vector spaces M and N 
respectively. A mapping tp : £1 — ¥ A is called a semialgebraic mapping if its graph 
is a semialgebraic subset of M x N. The Tarski-Seidenberg Theorem (see, e.g., [4j 
Prop. 2.2.7]) insures that the image (resp. the inverse image) by <p of a semialgebraic 
subset of M (resp. N) is semialgebraic in N (resp. M). 

Remark 2.1. 

(1) [4j Prop. 2.2.2]. If S is semialgebraic in M, then the topological closure and 
interior of S in M are semialgebraic sets. 

(2) [U Thm. 2.4.4]. Every semialgebraic subset of M has a finite number of 
connected components, each of which is semialgebraic in M. 

(3) [H Thm. 2.9.10]. Every semialgebraic subset of M is a disjoint union of a 
finite family of sets, each of which is a connected R-analytic manifold and 
a semialgebraic subset of M. 

A semialgebraic subset of a C-vector space M is one that is semialgebraic in M 
regarded as an R-vector space. If f2 and A are open subsets of finite-dimensional 
C-vector spaces M and N respectively, then a holomorphic semialgebraic mapping 
ip : 57 — > A is a holomorphic map whose graph is a semialgebraic subset of M x N 
in the above sense. 
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2.2. Nash sets and Nash mappings. See [14] for a detailed exposition of (com- 
plex) Nash sets and Nash mappings. 

Let M be a finite-dimensional C-vector space. Let ft be an open subset of M, and 
let / be a holomorphic function on ft. We say that / is a Nash function at xq G ft 
if there exist an open neighbourhood U of xq in ft and a C-polynomial function 
P:MxC-)C,P^0, such that P(x, f(x)) = for x G U. A holomorphic 
function on ft is a Nash function if it is a Nash function at every point of ft. Let N 
be another finite-dimensional C-vector space. A holomorphic mapping ip : ft — > N 
is a Aas/i mapping if each of its components is a Nash function on ft with respect 
to some basis of N. 

A subset A of ft is called a Aas/i subset of ft if for every so G ft there exist an 
open neighbourhood U of xo in ft and Nash functions /i, . . . , f s on ?7, such that 
X tlU = {x e U : f%(x) = ■ ■ ■ = f s (x) = 0}. A germ A^ at £ G £1 is a Aas/i germ if 
there exists an open neighbourhood U of £ in ft such that A n U is a Nash subset 
of U. 

Remark 2.2. Equivalently, A,e is a Nash germ if its defining ideal can be gen- 
erated by power series algebraic over the polynomial ring C[x]; that is, Ox,£ — 
C{x}/(fi, . . . ,f s )C{x} with fj G C(.t), j = l,...,s, where a; = (xi,...,x m ) and 
C(.t) denotes the algebraic closure of C[x]( x ) in C[[x]]. 

Remark 2.3. 

(1) [HI Thm. 2.15]. A holomorphic (p : fl — > N (resp. germ <p^ of if at ^ G O) is 
a Nash mapping (resp. Nash map-germ) if and only if its graph is a Nash 
subset of O x JV (resp. a Nash germ at (£, /(£)) G O x N). 

(2) [TU Prop. 2.6]. If {X t } ieI is a family of Nash subsets of ft, then f\ e j A t is 
a Nash subset of ft. If moreover the family {A t } te / is locally finite, then 
(J tg7 X L is also Nash in ft. 

(3) [TH Thm. 2.10]. Let X be an irreducible C-analytic subset of an open set 
ft C M. Then A is a Nash subset of ft if and only if there exists an 
irreducible algebraic subset Z of M such that X is an analytic-irreducible 
component of ft PI Z. 

(4) [H Thm. 2.11]. Let A be a Nash subset of an open set ft C M, and let Y 
be an irreducible component of A. Then F is a Nash subset of ft. 

(5) [IH Thm. 2.12]. An irreducible Nash subset of the space M is an irreducible 
algebraic subset of M. 

2.3. CR structure. There are many excellent monographs on CR geometry; see, 
e.g., 0, 0, or m . 

Given an R-linear subspace L in C" of dimension d, one defines the CR dimension 
of L to be the largest in such that L contains a C-linear subspace of (complex) 
dimension m. Clearly, < m < [|] . A real submanifold M in C™ of real dimension 
d is called a CR manifold of CR dimension to, if the tangent space T p M has CR 
dimension to for every point p G M . We write dim<^ M = m. In particular, if 
to = 0, then M is called a totally real submanifold. 

2.4. Real-analytic subgerms of complex-analytic germs and complexifi- 
cation. We recall the following construction from [2], Let 5 : C™ — > 's be the 

map defined by 0(C) = (C>C)- Then D = 0(C n ) is a totally real embedding of C n 
into C 2 ™. Suppose i? is an R- analytic set in C™, and p e R. With a moderate 
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abuse of notation, we will denote by Rp the complexification of the germ of d(R) 
at q := d(p) in C 2ra , that is, the smallest germ of a C-analytic set in C 2 ™ which 
contains the germ of d(R) at q. (And we will call it the complexification of R p , for 
short.) 

Let now A be a C-analytic set in an open neighbourhood U of p in C n , defined 
by 9i, ■ ■ ■ ,gt G 0(U), where g k {() = J2\u\>o c ^C k = l,...,t. We set 

A 2 = {(z,w)eU' :g k (z)= c k^ v =0, k = l,...,t} 

\ v \>o 

(2.1) 

X w ={(z,w) £ U' :g k (w) = £ c^w" = 0, fc = l,. ..,*}, 

where £/' is some small open neighbourhood of q in C 2n . Let 7r z : C 2 "^ — » C™ and 
tt w : Cf r z l w) -> C™ be the coordinate projections. Then A 2 = tt 2 (A 2 ) x C" and 
X w = C" x ^""(A" 1 ), as the defining equations of X 2 (resp. X 1 ") do not involve 
variables in (resp. z). Therefore, the set 

(2.2) X :=X z r\X w =tt z (X z )xtt w (X w ) 

is C-analytic (in £/'), of dimension equal twice the dimension of X. If X p is irre- 
ducible, then the complexification X£ of X p (viewed as an R-analytic germ) coin- 
cides with X q . Indeed, clearly J>(X) C X, hence Xp C X q . But the irreducibility 
of X p implies that of X q (by $TQ) and ([22])), and dimA£ = 2dimX p = dimA g , 
so x; = X q . 

Let A C C 2n be a C-analytic representative of the complexification Rp at q 
(in some open neighbourhood of q); i.e., A q — R c p . Then the holomorphic closure 

R p ° of the germ R p can be identified with the smallest C-analytic germ containing 
(ir*(A))„*r q y Indeed, on the one hand we have 

Rp C X p A q C X q {TT Z (A))^ (q) C (tT* (A 2 ) ) w , (g) . 

On the other hand, suppose (jr z (A))^^ C Z n *iq\ for some C-analytic Z in a 
neighbourhood V of n z (q) in C". Say, Z — {z £ V : g k {z) = 0, fc = 1,...,*}. 
Define a C-analytic set Z in a neighbourhood {/ of p as Z = {( e [/ : 9fc(C) — 
0,fc = Then Z = r^Tr 2 )" 1 ^) fl J)), and hence 

Rp C (5 _1 (ylnD))p C {T>- x {{-k z )-\Z) n 3))) p = Z p . 

3. Images of Nash sets under Nash mappings 

Our main tools in this section are Remmert's Rank Theorem and Chevalley's 
theorem on constructibility of images of algebraic sets. We recall them below for 
reader's convenience, in the form most suitable for our purposes (see, e.g., |llj). 
We will denote by fbd^t/? the dimension at x of a fibre (p~^((p(x)). 

Theorem 3.1 (Remmert). If ip : X — > Y is a holomorphic mapping of 'C- analytic 
sets such that fbd x ip = fc for all x £ X , then every point £ £ X admits an arbitrarily 
small open neighbourhood W in X , such that f{W) is locally analytic in Y , of 
dimension dim^ A — fc. 
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Theorem 3.2 (Chevalley). Suppose that M and N are finite- dimensional C-vector 
spaces, and let tt : M x N — > N denote the canonical projection. If Z is an 
irreducible C-algebraic subset of M x N , then tt(Z) is an irreducible C-algebraic 
subset of N , and dim7r(Z) = dim7r(Z). (Here tt(Z) is the closure of tt{Z) in the 
Euclidean topology of N.) 

From now on, M and N denote finite-dimensional C-vector spaces, and tt : 
M x N — > N is the canonical projection. For a subset W of an open set V in 

AT, we will denote by W HC ^ the smallest C- analytic subset of V containing W 
(by analogy to the holomorphic closure of a germ). We will need the following 
adaptation of Chevalley 's theorem 13.21 to the local setting. 

Proposition 3.3. Let Z be an irreducible C-algebraic subset of M x N, let 
be a non-empty open set in M x N , and let X be an analytic-irreducible com- 
ponent of Z n f2. Then, for every point (£,rj) of X and every pair of bounded 
open neighbourhoods U of £ in M and V of rj in N such that U x V C fl, the 

set ix{X fl (U x V)) ' ^ is a union of some analytic-irreducible components of 

Tr(Z)nV. Moreover, dimTrpfn (U x V)) HC{V) = diniTrpf n (U X V)). 

Proof. Let A denote the minimal fibre dimension of the restriction tt\z : Z — > N. 
Set E := {z G Z : fbd z (7r|2) > A}. By Chevalley's theorem on upper semicontinuity 
of fibre dimension jTOJ Thm. 13.1.3], E is algebraic. Since E is a proper subset of 
Z, and Z is irreducible, it follows that dim E < dim Z. By Theorem 13.21 7r(E) is 
an algebraic subset of N, of dimension dim7r(E). Note that 

(3.1) dim7r(E) < dimvr(Z) - 2. 

Indeed, every irreducible component of E is of dimension at most dimZ — 1, and 
the generic fibre dimension of tt restricted to such a component is at least A + 1. 
Hence 

dim tt(E) = dim tt(E) < (dim Z - 1) - (A + 1) = (dim Z - A) - 2 = dim n(Z) - 2 , 

where the inequality follows from [11] § V.3.2, Thm. 2]. 

Set E := 7r _1 (7r(E)) n Z. Then E is an algebraic subset of M x N and EcZ. 
We claim that E is a proper subset of Z (or, equivalently, that dimE < dimZ, by 

irreducibility of Z). Indeed, by surjectivity of tt, we have 7r(7r _1 (7r(S))) = tt(E), 
hence 

tt(E) = 7r(7r -1 (7r(S)) n Z) c tt(E) . 

Therefore dim 7r(E) < dini7r(E) < dini7r(Z)-2, by (|3.ip . and hence dimE < dim^. 
Since, by assumption, X is analytic-irreducible and of the same dimension as Z , it 
follows that X n E is nowhere-dense in X. 

Let now (£, rj) be an arbitrary point of X, and let U x V be a relatively compact 
product neighbourhood of (£, 77) inMxJV such that U x V C fl. By nowhere-density 
of X n E in X, we have 



tt(X n(Ux V)) = tt((X \ E) n (U X V)) = tt{X n (U X V)) \ tt(E) , 
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where the rightmost equality follows from the definition of E. In particular, 

hc(v) ~ ; r , ; —=r- HC ( v ) 



(3.2) tt(X n (U x V)) = ir(Xn (U x V)) \ tt(E) 

since every C-analytic subset of V is closed in V . 

For every point (x, y) € (X \ E) fl (U x V), the projection ir\x has constant fibre 
dimension A near (x, y). (Indeed, it is clear for every {x, y) such that X^ x ^ = Zt x>y \, 
and for the other points it follows from upper semicontinuity of fibre dimension 
and the fact that X\Z\X is dense in X.) Hence, by Theorem 13.11 there exist 
open neighbourhoods U^ x ' y > of x in U and V&'rt of y in V, such that n(X n 
(jj{*,y) x is analytic in an open neighbourhood of y in N, of pure dimension 

dim A - A = dimZ - A. On the other hand, ir(X n {U^^ x V^'^)) is contained 
in the intersection of the algebraic set tt(Z) with V^ x ' y \ which is also of dimension 
dimZ — A. It follows that the germ is a union of some 

analytic-irreducible components of (jr(Z)) y . 

For a fixed yo € Tr(Xn(U x V"))\7r(E), consider the family of open sets U^ x,Vo ' x 
y(x,vo) as above, over all x e [/ such that (x, yo) € -X"- By relative compactness of 
U , we can choose finitely many a?i, . . . , x s € U, such that 

(n(Xn(UxV))) yo 

= (n(X n (U {xi ' ya) x V {xi ' Vo) )))y Q U • • ■ U (tt(A n (U^"^ x 7^ 8 ' 1/o) ))) ao , 

and hence the germ (tt(X (U x V))) yo is a union of some analytic-irreducible 

components of the germ (ir(Z)) yo . Therefore tt(X n (U x V)) \ 7r(E) is a locally 

analytic subset of V \ 7r(E), of pure dimension dim Z — A. 

Next, note that, for every analytic-irreducible component A of tt(Z) n V, if 

(f(Jfn([/xV))), D A y at some pointy e V\tt(E), then n{X (1 (U x V)) HC{V) D A 
(by irreducibility of A). Let {A t } te / be the family of all the analytic-irreducible 

components of ir(Z) (1 whose germ at some point of V \ 7f(E) is contained in the 
corresponding germ of ir(X n (t/ x V^)). Then 

(3.3) (J A t C 7r(A n JjJ x V)) HC[V) and 7r(Xn(£/x V))\^) C |J(A t \^r(E)) . 
On the other hand, by local finiteness of the family {A t } t6 /, we have 



lEI (.£/ (,£/ 

The latter is C-analytic in V, hence combining (|3.2|) and (|3.3|) . we get 



= HC(V) HC(V) 



|J A t c tt(x n (u x v)) 1 J =i(in(t/xy))\^) c (jA t = U A < 

i.e., ir(Xn(U xV)) HC{V) = \J A 4 . 

The last assertion of the proposition follows from the fact that tt(X P\(U x V)) \ 



7r(E) is of pure dimension dim7r(Z). □ 
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Corollary 3.4. Let X be a Nash subset of an open set fl C M x N. Let U and 

V be bounded open subsets of M and N respectively, such that U x V C fl. Then 

ir(X l~l (U x V)) ' is a Nash subset of V , of dimension equal to dim tt(X D (U X 
V)). 

Proof. Let X = [j teI X L be the decomposition of X into (a locally finite family 
of) analytic-irreducible components. Then the family {X u fl (U X V^)} te / is finite, 
by compactness of C/ x V. By Remark I2.3f 4). each X L is a Nash subset of fl. 
Further, by irreducibility of X L and Remark I2.3f 3). there exists, for every t € I, 
an irreducible algebraic set Z L in M x N such that Xt is an analytic-irreducible 

component of Z L n fi. Therefore 7r(X t fl((7x V)) ^ ' is a Nash subset of V, by 

Proposition 13. 31 and hence so is tt(X fl (U X V)) , as 

W (\Z\ HC {V} T-f(~W\/'\ 

Tr(xn(UxV)) ( ' = |J 7r(x,, n ([/ x v)) = |J 7r(x t n (z/ x y)) . 

□ 

Remark 3.5. A stronger version of Chevalley's theorem 13.21 asserts that a projec- 
tion of a C-algebraic-constructible set (that is, a boolean combination of C-algebraic 
sets) is itself a C-algebraic-constructible set. One may thus expect that a local ver- 
sion of this result (for Nash-constructible sets) holds as well. This is not the case. 

We say that a subset X of an open fl C M is Nash-constructible (in fi) if for 
every xo £ Q there exist an open neighbourhood U of xq in fl and Nash subsets 
X u . . . , X s , Yi . . . , Y s of U such that XnU = ULi (** \ Y k)- 

Now, let X := {(z,w) e C 2 : z + w = 1} and let fl be the open polydisc 
{(z, w) G C 2 : \z\ < 1, |w| < 1}. Then the projection ir of X n fl to the z-axis is not 
a Nash-constructible subset of 7r(f2). 

More generally, the main result of (12] implies that the closure under the oper- 
ations of Cartesian product, finite union, complement and Cartesian projection of 
the family of sets X which are semialgebraic in some C™ and Nash-constructible in 
some open U C C n equals to the family of all the semialgebraic subsets of C™ (for 
all n). Therefore it is strictly larger than the family of Nash-constructible sets. 

Theorem 3.6. Let fl be an open subset of M , let (p : fl — > N be a Nash map- 
ping, and let X be a Nash subset of fl. Then, for every point £ € X and an 
arbitrarily small open neighbourhood U of £, there exists an arbitrarily small open 

neighbourhood V of such that tp(X (1 U) n V ^ ^ is a Nash subset of V , of 

dimension equal to dhxnp(X f)U) . In particular, ((p(X n U)) v (^) is a Nash germ, 
of dimension dim.ip(X n U). 

Proof. Let £ be a point of X, and let U be a bounded open neighbourhood of £ in 
fl. Then the graph of tp restricted to X n U, 

T v\xnu = i( x >V) £UxN :xeX,y = cp{x)} 

is a Nash subset of UxN, as T v \ xnu = (U x N)nT v n (fl x N) is the trace on Ux N 
of a Nash subset of fl x N. Let tt : M x N — > N denote the canonical projection. 
Then, by Corollary 13.41 one can choose an arbitrarily small open neighbourhood 

V of ip(£) in N, such that ir(r vlxnu n JjJ x V)) HC[V) is a Nash subset of V, of 
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dimension dini7r(r v | xnLr fl (U X V)). But 

n(T v]xnu n(UxV)) = tp(xnu)nv, 

which completes the proof. □ 

Example 3.7. Note that (ip(X n U)) V (£) HC need not be a C-algebraic germ, even 
if O = M and ip is a C-polynomial mapping. Let, for example, Y be the curve 
z 2 = w 2 (w + 1) in C 2 , let X be the normalization of Y, and let p : C = X — » C 2 
be the composite of the canonical maps X — > Y and F C 2 . Let ( e I be one 
of the two preimages of € Y". Then, for a sufficiently small open neighbourhood 

?7 of £, {<p(X n [/))o = (ypf H U))o is the germ of one of the two C-analytic 
branches of Y near 0, which is not a C-algebraic germ, because Y is irreducible. 

Remark 3.8. Note also that Theorem 13.61 is false without the assumption that X 
is Nash. Indeed, let ip : C 4 3 (w,x,y,z) —> (w 7 x 7 y) € C 3 and let X C C 4 be a 
C-analytic set defined by equations x = wz, y = wze z . Then divaX — 2, hence 
dimy(X fl U) < 2 for an arbitrary neighbourhood {/ of the origin in C . However, 
for an arbitrarily small f, the germ (ip(Xf)U))o is contained in no proper C-analytic 

subgerm of C 3 ,, hence dim (f(X n E/))q = 3 > dim<p(X n £/). This is an Osgood 
example (see, e.g., [9]). 

4. SEMIALGEBRAIC STRATIFICATION BY HOLOMORPHIC CLOSURE DIMENSION 

4.1. Holomorphic closure of a semialgebraic set. Let S be a semialgebraic 
subset of a finite-dimensional C-vector space M. Let £ be a point of S. Recall that 
a C-analytic germ c is the holomorphic closure of S at £ (denoted ) 
if it is the smallest C-analytic germ at £ containing . 

Proposition 11.11 asserts that the holomorphic closure of a semialgebraic set is a 
Nash germ. 

Proof of Proposition By § 12. 1[ S can be written as a finite union of semialge- 
braic open subsets of R-algebraic sets; i.e., sets of the form 

{C € C" : A(C, C) = • • • = fk(C, C) = 0, gi (C, C) > o, . . . , 9i(C > 0} , 

where f\, . . . , g\, . . . , gi are polynomial functions with real coefficients. Let 
£ € S. Let S 11 , . . . , be all such subset of S, which are adherent to £, and 
let R 1 , . . . , i? M be the corresponding R-algebraic sets. Then, for every j = 1, . . . , 
n i?^ is an open subgerm of 

We will now use terminology of § 12.41 Let A 1 , . . . , A M be C-algebraic subsets of 
C ("™)> such that (^) C = M v wh ere 77 := 0(C)- Let ft| = i^' 1 U • • • U ~ lie the 
decomposition of i?^ into irreducible R- analytic germs, and let A J V = A^ 1 U • • • U 

it- 

Arj 3 be the decomposition of A 3 into irreducible C-analytic subgerms. Then, for 
every j, we have tj — Sj and (up to permutation of indices) A^ k is precisely the 
complexification of R^ k (k = 1, . . . , Sj), by 6, Prop. 9]. 

Now, for all j and k, either S% fl J?|' = or else n Rj) is a non-empty open 

subgerm of Ri' k . Therefore the holomorphic closure S^ HC is the union of R^ ,k 

over all pairs (j, k) such that S% fl R J ^ k ^ 0. Consequently, it suffices to show that 

— ~k HC 
each Rl' is a Nash germ. 
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HC 



By § 12.41 we can identify R^' with the smallest C-analytic germ containing 
(ir z (A : >' k )) 7T z( ri < ) , where A^ k is an irreducible representative of the germ A^ k in some 
open neighbourhood U' of 77 in C 2 ". After shrinking U' if needed, we can assume 
that Ai' k is an analytic- irreducible component of A^ n U', and hence A^ k is a Nash 
subset of U' (Remark Then 

-hc — _____ HC 



i?f - (Tr*(M k )) w * {v) ' 

is a Nash germ, by Theorem 13.61 □ 

The following result is a local analogue of [T3l Cor. 4.5]. The global statement 
( "semialgebraic C-analytic subset of M is C-algebraic" ) follows from Proposition ^. II 
via Remark [ 



Proposition 4.1. Let X be a C-analytic subset of an open set Q in M. If X is 

semialgebraic in M, then X is a Nash subset o/f2. 

Proof. It suffices to show that the germ of X at every point of X is Nash. Let £ be 
a point of X. By Proposition ll.il the holomorphic closure is a Nash germ. 

But X^ itself is the smallest C-analytic germ containing X^, so X^ — Xf H is a 
Nash germ. □ 

In the next section, we will study complex dimensions of preimages of semial- 
gebraic sets under holomorphic semialgebraic mappings. It turns out that such 
mappings are necessarily Nash. 

Proposition 4.2. Let fl be an open semialgebraic subset of M. If tp : O — > N is a 
holomorphic semialgebraic mapping, then p> is Nash. 

Proof. By assumption, the graph T v of tp is a semialgebraic subset of M x N. On 
the other hand, T v is biholomorphic with f2, and hence is a C-analytic subset of 
the open set fi X N. Thus, by Proposition 14. 1[ T v is a Nash subset of O x N; i.e., 
tp is a Nash mapping (Remark 12.3( 1)). □ 

Let us note an important special case: 

Corollary 4.3. If tp : M — > N is a holomorphic semialgebraic mapping of C-vector 
spaces, then tp is a C- polynomial map. 

Proof. By Proposition 14.21 the graph T v of tp is a Nash subset of M x N. On the 
other hand, T v is an irreducible C-analytic subset of M x N (as it is biholomor- 
phic to M). It follows that T v is an irreducible C-algebraic subset of M x N, by 
Remark 12.3( 5). Therefore tp is a holomorphic mapping with a C-algebraic graph, 
and hence a C-polynomial map, by the Serre Algebraic Graph Theorem (see, e.g., 
[HI § VII. 16]). □ 



Combining Proposition 14.21 with Theorem 13.61 we get the following result. 

Theorem 4.4. Let Q be a semialgebraic open subset of M , let p : — > N be a 
holomorphic semialgebraic mapping, and let X be a Nash subset of f2. Then, for 
every point (el and an arbitrarily small open neighbourhood U of £, there exists 

an arbitrarily small open neighbourhood V of <p(£) such that p(X n U) V ^ is 
a Nash subset of V , of dimension equal to &iuYtp(X DU). In particular, the germ 

(tp(X D f/)) v (£) is Nash, of dimension dim</?(A (1 U). 
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4.2. Semialgebraic stratification by holomorphic closure dimension. 

Lemma 4.5. Let S be an R-analytic submanifold of an open subset of M . If X is 
a C-analytic subset of an open set f2 C M , and D at some point ^gS, then 
X contains the closure of a connected component of S D fi. 

Proof. Identity Principle for R-analytic functions. □ 

Lemma 4.6. Let S be a connected R-analytic submanifold of an open subset of M . 
There exists a unique smallest C-algebraic subset X of M containing S and such 
that, for every £ G S, X^ is the smallest C-algebraic germ containing S$. Moreover, 
X is irreducible. 

Proof. For every £ G S, define X^ as the minimal (with respect to inclusion) element 
of the family of sets 

{Z C M : Z is C-algebraic in M, and D S ( } , 

which is well-defined, by Noetherianity. By Lemma |4~51 each contains S. Given 
any £1,^2 G S, we thus have (X^ 1 )^ D hence X^ 1 ^ X&, by minimality of 
X&. Therefore X^ 1 — X&, and so the set X := X^ is independent of the choice of 
£. By construction, X has the required properties. 

To prove the final assertion of the lemma, suppose that X is a union of two 
proper C-algebraic subsets Xi and X 2 . Then S <£. X\, S <£ X 2 , and S <£ XiC\X 2 , by 
minimality of X. But S C X\ \JX 2 , hence there exists a point £0 £ S, such that £0 € 
Xi\X 2 , and so {Xx)^ D Then X\ D S, by Lemma l4~5| a contradiction. □ 

Proposition 4.7. Let S be a connected semialgebraic subset of M and an R- 
analytic submanifold of an open subset of M , and let X be the unique C-algebraic 
subset of M from the above lemma. Then, at every point £ G S, the holomor- 
phic closure is a union of some analytic-irreducible components of X^. In 
particular, the holomorphic closure dimension is constant on S . 

_ HC —HC 

Proof. Let £ be a point of S. By Proposition II .![ S% = is a Nash germ. 

Hence we can choose an open neighbourhood U of £ in M such that S^ HC has 
a Nash representative Y in U, satisfying Y D S PI U. Let Z be a C-algebraic 
subset of M, for which Y is a union of analytic-irreducible components of Z PI U. 
Then Z^ D Y% D S%, hence Z D S, by Lemma l4~5l By minimality of X, Z D X. 
Hence Z^ D X^, and consequently every analytic-irreducible component X^ of 
X% is contained in an analytic-irreducible component Zj? of Z^. On the other 
hand, X^ D St, so by definition of the holomorphic closure, X^ D Y^. Therefore, 
every analytic-irreducible component of Y^ is contained in an analytic-irreducible 
component of X^. As Y^ is a union of some analytic-irreducible components of Z^, 
it follows that Y^ is a union of some components X^ of X^, as required. Finally, the 
irreducibility of X implies that all the analytic-irreducible components of a germ 
of X at any point (£l are of dimension dimX. □ 

For a semialgebraic set S in M of dimension d, denote by Reg (i (S') the locus of 
points £ G S for which S% is a germ of a d-dimensional R-analytic manifold. 

Corollary 4.8. Let S be a d-dimensional semialgebraic set in M. IfReg d (S) is 
connected and dense in S, then there exists an irreducible C-algebraic subset X in 
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M such that X D S and dim^c S% = dim A for every £ £ S. In particular, this is 
the case if S is a semialgebraic CR manifold. 

Proof. Let X be the unique irreducible C-algebraic set for Reg d (5) from Lemma 



Then, by Proposition 14.71 X has the required properties, because S — Reg d (S) C 
A = A. a 

We conclude this section with the proof of the semialgebraic stratification by 
holomorphic closure dimension. 



Proof of Theorem \1.2\ Let £ be a point of S, and let Y be a C-analytic subset of 
a neighbourhood U of £ in M, such that Y% — . After shrinking U if needed, 
we can assume that Y D U D SOU, and diml^ < dimlj for all x £ U . Hence 

Y x D S x C , for every x £ U, and so 

dhaS x < dimY^ < diml^ = dimSt^ . 

This proves closedness of S d (S), for de N. 

For the proof of semialgebraicity of S d (S), consider a finite partition {S L } L ^i 
of S into semialgebraic sets, each of which is a connected K-analytic manifold 
(Remark s. 1( 3)). For each i £ I, there is an irreducible C-algebraic set X L satisfying 
the conclusion of Lemma 14.61 applied to S t . Then, for every x £ S L , dmiHc(So) x = 
dim A,,, by Proposition 14.71 For x G S, let I(x) — {i £ I : x e ST}. Then 

jlQ HC 

Sx = Uiei(x) (Sl)x , hence diniffc S x = max{dimA,, : i £ I[x)}. Thus the 
holomorphic closure dimension of S x only depends on I(x). But, for any V C /, 
the set {x £ S : I(x) — I'} is semialgebraic, by Remark l2.1( 1). □ 

5. Preimages under holomorphic semialgebraic mappings 

We will now study the relationship between the complex dimensions of semial- 
gebraic sets and those of their preimages, with a view toward applications in CR 
geometry. 

Let f2 and A be open connected subsets of M and N respectively, and let 95 : — > 
A be a holomorphic mapping. Denote by A the generic fibre dimension of tp, and set 
flW {x £ Q : fbd x p = A}. Assume that ip is dominant; i.e., A = dim Af — dim TV. 

Proposition 5.1. Let S be an arbitrary subset of ip(Q). Suppose that ip is equidi- 
mensional; i.e., fbd x tp = A for all x £ fl. Then, for all r\ € S and £ £ p^ l {rf), 

dim HC (p^ 1 (S)) i = dim^c S n + A. 

Proof. Given 77 £ S, we can choose an open neighbourhood V of rj in N, such 

that the holomorphic closure S v has a representative Y C-analytic in V. Then 
D (ip^ 1 (S)) i , for every £ £ ^(rj), and dim(</3" 1 (r)) 4 = dimF,, + 
A, by Theorem I3.1[ as the fibre dimension of y>L-i(y\ is constantly A. Hence 
dim ff c(v 3_1 (5'))c < dim^c S v + A, at every £ £ p^ 1 ^). 

Next, suppose there exists a point £ £ ip^ 1 ^) for which dimHc{p~ 1 (S))^ < 

dim^fc S v + A. Choose an open neighbourhood U of £ in such that (p^ 1 (S))^ 
has a representative X C-analytic in U, and such that X D ip^ 1 (S) n U. Set 
A< A ) := {x £ X : fbd^| x = A}. Then A^ is a C-analytic subset of U, and 
(A^)^ D (ip^ 1 (S))^, because p^ 1 (S) consists of A-dimensional fibres. By mini- 
mality of holomorphic closure, we have (X^)^ — A^, and hence we can replace X 
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with X^ x \ Then the fibre dimension of ip is constant on X, so by Theorem 13. 1[ 
p{X) is C-analytic in a neighbourhood of 77, of dimension dixa((p(X)) v = dimX^+X. 

By assumption, S = ip{p' 1 {S)), and hence tp(X) D ip(ip~ l \S) C\U) = SC\ <p(U). 
Note that <p(U) is an open neighbourhood of 77, because ip is an open mapping, by 
the Remmert Open Mapping Theorem (see, e.g., [11]). Hence (ip(X)) v D S v , and 
so 

dhxiHc S n < dim.((p(X)) v = dim — A < (dim^c S v + X) — X ; 
a contradiction. □ 

Let, as before, S d (S) denote the set of points x G S such that dimnc S x > d. 
Corollary 5.2. Under the hypotheses of Provosition 13771 

<p- 1 (S d {S))=S d+ \ ( p-\S)), 

for all del. 

Without the equidimensionality assumption on ip, we have the following: 

Proposition 5.3. Let S be an arbitrary subset of <p(Cl). Suppose that for every 
i] € S, Sjj H (tp(£l \ QW))j) is nowhere-dense in S^. Then, for all r\ € S and 
£ € iy9 _1 (77), we fraue 

(5.1) dim ffC ((^ _1 (S')) 5 < dim ffC ^ + A, 

provided (ip~ 1 (S))^ n (f2 \ 0^)^ is nowhere-dense in (ip^ 1 (S))^. 

Proof. Given 77 € S, choose an open neighbourhood y of 77 in N such that SV/ C has 
a representative y C-analytic in V. Then y> -1 (y) is a C-analytic subset of </? _1 (V r ), 
and it contains (p' 1 (S)^' 1 (V) . Let £ e p -1 ^) be such that (t^^ 1 (S')) 5 n (S1\S1 (A) ) 5 
is nowhere-dense in (<^j (S 1 )^ . Let J7 be an open neighbourhood of £ in J7, such 
that <p~ l (Y) n [/ has a finite number of irreducible components; say, S , . . . , S s . 
Then, by assumption, (ip~ l (S))£ is contained in the union of those 5^ for which 
TP <£ (fl \ ft (A) ) n J7. Hence, replacing ^ _1 (F) n U by the union of these £■?, 
if needed, we can assume that there exists a component £^ of y> -1 (y) n U, of 
dimension dim(iy9 _1 (y))^, and such that the generic fibre dimension of ip\^j is A. 
Therefore, by Theorem 13. 1[ 

dim(v9" 1 (y)) c = dim£ J = dim((^(E J )) ?? + A < dimy, + A, 

and hence dim#c?( < /' ^ dimy, + A, as required. □ 

In the semialgebraic setting we can get even more: Assume that f2 and A are 
semialgebraic in M and N respectively, and that <p : — > A is holomorphic semi- 
algebraic. 

Proposition 5.4. Under the hypotheses of Proposition \5.3l assume furthermore 
that S is a semialgebraic subset of N and p is a semialgebraic mapping. If S is of 
constant holomorphic closure dimension, then we have equality in (|5.1| . 

Proof. Let h denote the constant holomorphic closure dimension of S. Choose 
a point £ G tp~ 1 (S) n 0^ A \ and suppose that dim^c^ -1 (<$'))€ < h + X. By 
Proposition ll.il the holomorphic closure (ip~ 1 (S))^ is a Nash germ. Therefore, 

we can choose an open neighbourhood U of £ in il such that ((p^ 1 (S))^ has a 
Nash representative X in U, with dim X,c = dimHC'i'P^ 1 (S))$, and X D <p~ 1 (S)r\U. 
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After shrinking U if needed, we can also assume that U C fi (A) . Then f\u is an 
open mapping, by Remmert's Open Mapping Theorem, and hence <p(U) is an open 
neighbourhood of rj := <p(f). Let X^ x ~> := {x £ X : fbd^Mx) > A}. Then 
A< A ) D (p - 1 (S)r\U, and X^ is a Nash subset of U, so by minimality of Ag, we 
can replace X with X^ . After shrinking U if necessary, we can assume that X has 
a finite number of irreducible components; say, £,..., S s . For each j — 1, . . . , s, 
let Aj denote the generic fibre dimension of tp\si. Then we have 

dim ^(S J ) = dim E- 7 — Aj < dim A^ — A , 

and hence dim <p(X) < dimAj — A, since <p(X) = (J -if{YP). By Theorem 14.41 

(</?(A)),, is a Nash germ at rj of dimension dimy(A). On the other hand, 

tp(x) d ipi^Hs) nu) = Sn cp{u) , 

hence, by openness of (p(U) in N, ((p(X)) n contains the holomorphic closure 
S„ HC . Therefore 



h = dimS^ < dim(<p(A))^ = dim<^(A) < dimA^ — A 

= dim HC (^ 1 (^))c - A < (h + A) - A ; 
a contradiction. We have thus proved that dimHc( l P 1 (S))^ = h + A for all £ <E 

To complete the proof, consider a point £ e ip~ 1 (S) \ By assumption, 

(<p _1 (S))£ n (f2 \ ^ A ^)j; is nowhere-dense in (iy9 _1 (S'))^, hence arbitrarily close 
to £ there are points x of such that dim.Hc( ( f 1 (S)) x = h + X. Hence 

dim#c'(<^ — (S))^ > /i + A, by upper semicontinuity of the holomorphic closure 
dimension. The opposite inequality was shown in Proposition 15.31 □ 

The proof of Proposition 15.41 is of local nature. Therefore we can derive from it 
the following result (under the assumption that ip is dominant). 

Proposition 5.5. Let S be a semialgebraic subset of N . Then, for all rj € S and 

£ € ip^irf) n QS X \ we have 

dim ffc (( y 9 _1 (5)) ? = dinif/c S v + X. 

Proof. One can repeat the (relevant part of the) proof of Proposition 15 .41 verbatim, 
because for a point £ € flW one can choose an open neighbourhood U such that 
u c n( x \ by upper semicontinuity of fibre dimension. □ 

6. Applications to CR geometry 

Proposition 6.1. Let S be a d- dimensional semialgebraic set in M, of constant 
holomorphic closure dimension h. Then S contains a closed semialgebraic set T of 
dimension less than d, such that S\T is a CR manifold of CR dimension d — h. 

Proof. Let Gr(2n, d) denote the space of d-dimensional ]R-linear subspaces of C™ = 
]R 2 ™, and let Gk be the subset of Gr(2n, d) consisting of CR subspaces of C™ of 
CR dimension at least k. Following the argument of [H Thm. 1.5], we note that 
Gfc is an algebraic subset of Gr(2n, d), for every k. Indeed, let L e Gr(2n, d) be 
a subspace generated by vectors v 1 ,..., v d , v j — (v{, . . . , v J 2n ) € R 2 ™, j = l,...,d, 
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and let w J — (w{, . . . , w 3 2n ) := Jv J (where Jv means the product \J — 1 ■ v, with v 
viewed as a vector in C"). Then L G Gk if and only if in any matrix of the form 



vi ■■■ v? w} ••• w d ~ 2 ^ 



wL ■■■ w d - 2k+1 



u 2n UJ 2n 

every (2d — 2k + l)-minor vanishes, provided 2d — 2k + 1 < 2n. 

Now, let S L be a connected component of the K-analytic manifold Reg d (S'). By 
[21 Thm. 1.5], there is an R-analytic subset T L C S L , of dimension less than d, and 
such that S l \ T L is a CR manifold of CR dimension d — h. On the other hand, 
S l \ T L (and hence also T L ) is a semialgebraic subset of M . Indeed, for every k, the 
set 

S L k := {x e S L : diiR C B.T x S L > k} 

is semialgebraic in M, as the projection of the semialgebraic TS L n (S L x Gk) onto 
the first factor. We have S*-\T L = S l d _ h \S L d _ h+1 . The result thus follows by setting 
T to be the union of all the T L and the set S \ Reg d (S'). □ 

Corollary 6.2. Every semialgebraic subset S of M is a disjoint union of a finite 
family of CR manifolds which are semialgebraic in M . 

Proof. We proceed by induction on d := dirriR S. If d = 0, there is nothing to show. 
Suppose then that d > 1. 

As a semialgebraic set, S is a disjoint union of a finite family of connected R- 
analytic manifolds which are semialgebraic in M (Remark s. If 3)). Thus, without 
loss of generality, we can assume that S is connected and S = Keg d (S). By Corol- 
lary 14.81 S has constant holomorphic closure dimension. Let T be as in Propo- 
sition 16.11 Since T is nowhere dense in S, diniR T < dimR S. By the inductive 
hypothesis, T is partitioned into a finite family {T t } te j of semialgebraic CR man- 
ifolds. The finite family {T,} l£ j U {S \ T} therefore realizes a partition of S into 
CR manifolds which are semialgebraic in M. □ 



Theorem 11.41 now follows immediately: 



Proof of Theorem \l.J\ To get a semialgebraic partition of S by CR manifolds com- 
patible with the family {5 d (S')} c igN, apply Corollary 16.21 to the semialgebraic sets 
S d {S)\S d+1 {S), deN. 

By further stratifying, if needed, we can assume that the strata S L satisfy the 
ordinary condition of the frontier; i.e., that Sj H Sk = or else Sj C Sk and 
dimnS'j < dimRSfc, for any j,k (cf. [4, Prop. 9.1.8]). Let us then choose j,k € I 
such that Sj C Sk- By Corollary 14.81 Sj and Sk have constant holomorphic closure 
dimensions, say hj and hk resp., and there is an irreducible C-algebraic set Xk 
in M such that Xk D Sk and hk = dimXk- Then Sj C Sk C Xk, and hence 
hj < dimXk — hk, as required. □ 

Remark 6.3. It is interesting to consider the above results in the semianalytic 
setting. By [3J Thm. 1.5], an irreducible R-analytic set of pure dimension is a CR 
manifold outside a nowhere-dense semianalytic subset. Therefore the inductive 
argument of Corollary 16.21 carries over to the case when S is semianalytic. On the 
other hand, a semianalytic stratification compatible with the family {S (S) }deN does 
not exist in general for S semianalytic. Indeed, every CR manifold is of constant 
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holomorphic closure dimension, by O Prop. 1.4], but this dimension is not tame on 
semianalytic sets (Remark 1 1.3|) . 

The following two results are concerned with the relationship between CR struc- 
tures of a semialgebraic set and of its preimage under a holomorphic semialgebraic 
mapping. Here, as before, fiW denotes the set of those x € fl for which fbd x p = X. 

Theorem 6.4. Letil and A be open semialgebraic subsets of M and N respectively, 
and let if : Q — > A be a dominant holomorphic semialgebraic mapping, with generic 
fibre dimension X. Let S be a semialgebraic subset of N such that dim(S fl tp(£l \ 
n^) < dimS and dim((^- 1 (S') \ < dinnp-^S). 

(i) If S is a CR manifold of CR dimension m, then there is a closed semi- 
algebraic set T' in M, of dimension dimT' < dim tp~ l (S), and such that 
ip (S) \T' is a CR manifold of CR dimension 

dimcR </5 _1 (S l ) = dimcp~ (S) — dim S + to — X . 

(ii) If (p^ 1 (S) is a CR manifold of CR dimension to', then there is a closed 
semialgebraic setT in N, of dimension dimT < dim S, and such that S\T 
is a CR manifold of CR dimension 

dimc_R S = dim 5 — dim</j _1 (5) + m! + A . 

Proof. Suppose first that S is a CR manifold of CR dimension m. Then, by [2j 
Prop. 1.4], S has a constant holomorphic closure dimension h = dim S — to. There- 
fore ip~ 1 (S) fl fi( A \ which is a semialgebraic set of dimension equal to dim ip~ 1 (S), 
has constant holomorphic closure dimension ft, + A, by Proposition 15.51 Hence, by 
Proposition O ^(S) n n w contains a closed semialgebraic subset T, of dimen- 
sion dimT < dimtp-^S), such that (^(S) H Q^) \ f is a CR manifold, of CR 
dimension 

dimcR^ 1 (S) n n w ) \ f = dim ip' 1 (S) - (h + A) = dim ^(S) - dim S + m - X . 

Now, the set T' := T U ((p~~ 1 (S) \ fl^) has the required properties. 

Next, suppose that < / 9 _1 (S') is a CR manifold, of CR dimension to'. Then, by 
Prop. 1.4] again, ip~ 1 (S) is of constant holomorphic closure dimension h' = 
dim ip- 1 (S) -to'. Therefore S\(p(n\n^) is a semialgebraic set of dimension equal 
to dimS 1 , and of constant holomorphic closure dimension h! — A, by Proposition ^. 51 
Hence, by Proposition 16.11 S \ ip(Q \ fl^') contains a closed semialgebraic subset 
f , of dimension dimT < dim S, such that (S \ cp(TL \ Q^)) \ f is a CR manifold, 
of CR dimension 

dim CR (S \ <p{fl \ n (x) )) \ f = dim S - {h! - A) = dim S - dim ip' 1 (S) + m! + A . 
Then the set T := T U (5n tp(Q \ fi (A) )) has the required properties. □ 

We will say that a semialgebraic set S in M admits a holomorphic semialgebraic 
desingularization, if there exists a C- vector space M' , a holomorphic semialgebraic 
generically finite mapping a : M' — > M , and a closed nowhere-dense semialgebraic 
subset £ of M, all such that cr| M /\ CT -i( S ) : A/'\cr _1 (£) — > A/\E is a biholomorphism, 
S H £ is nowhere-dense in S, the strict transform S' :— cr _1 (5 \ S) of S is an R- 
analytic manifold, and a\s' ■ S' — > S is a proper surjection. 
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Proposition 6.5. Let S be a semialgebraic set in M , which admits a holomorphic 
semialgebraic desingularization (with centre Ti). Suppose that the strict transform 
S' of S has constant holomorphic closure dimension (which is the case, e.g., when 
S' is connected); say, h. Then dminc Sf — h for all £ G S \ X. Moreover, S has a 
closed nowhere-dense semialgebraic subset T , such that S\T is a CR manifold of 
CR dimension dimS 1 — h. 

Proof. Let a : M' ->Mbeas above, and let S' C M' denote the strict transform 
of S. Let h denote the constant holomorphic closure dimension of S'. Then, by 
Proposition 15.51 dim^c S„ = h for all 77 G S \ S, since the generic fibre dimension 
of a is zero. 

By Proposition 16. 1[ there is a semialgebraic set T" closed and nowhere-dense 
in S', such that S' \ T' is a CR manifold of CR dimension dimS" — h. Then 
a(S' \ (T' U o- 1 (S))) is a CR manifold of CR dimension dim S' - h = dim S - h, 
since a biholomorphism preserves the CR structure and dimensions. Moreover, 
cr(T'\cr -1 (X)) is semialgebraic and nowhere-dense in S, and cr(T') is a closed subset 
of 5, by properness of a. Hence T := cr(T') U E has the required properties. □ 

Example 6.6. Let R be an M-algebraic subset of C 3 given by equations 

23 - x\x 2 x z = x\, yi = 0, 

where Zj — xj + iyj, j — 1,2,3. Then R has a holomorphic semialgebraic desin- 
gularization by a single blow-up of C 3 with centre the Z2~axis. Indeed, under the 
mapping a : C 3 — > C 3 given by z\ = u\, z 2 = 112, and z% = U1U3, where Uj = vj+iuij 
(j < 3), R has the strict transform 

R' = {(ui,u 2 , u 3 ) € C 3 : uf - = uii wi = 0} . 

Now, R' is an K-analytic submanifold of C 3 of real dimension 4. By Corollarv l4.81 R' 
has constant holomorphic closure dimension. It is easy to see that R' is contained in 
no germ of a C-analytic hypersurface, and hence dimnc Re = 3 for all £ € R'. Hence 
R is generically (i.e., outside a nowhere-dense semialgebraic set) a CR manifold of 
CR dimension 1, by Proposition [63] 
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